A new algorithm for estimating noncompact, distributed sources by means of phased array microphone measurements is presented and experimentally implemented to determine the noise source distribution in a subscale jet ow. Conventional beamforming techniques, developed for spatially well-separated point sources, can lead to signi cant errors when applied to reconstruct continuous source distributions such as jet noise. A new beamforming approach is developed for estimating such continuous source distributions. The objective is to recover the average source strength over a small region around each focus position as opposed to seeking the exact source strength at each spatial location as in conventional approaches. This strategy overcomes the drawbacks of conventional methods and yields a beamformer with uniform spatial resolution and accuracy over a large frequency range. The measurement technique is applied to the localization of broadband noise sources in a high-subsonic, heated, turbulent jet ow and shows good comparisons with prior measurements using other techniques. 
A new algorithm for estimating noncompact, distributed sources by means of phased array microphone measurements is presented and experimentally implemented to determine the noise source distribution in a subscale jet ow. Conventional beamforming techniques, developed for spatially well-separated point sources, can lead to signi cant errors when applied to reconstruct continuous source distributions such as jet noise. A new beamforming approach is developed for estimating such continuous source distributions. The objective is to recover the average source strength over a small region around each focus position as opposed to seeking the exact source strength at each spatial location as in conventional approaches. This strategy overcomes the drawbacks of conventional methods and yields a beamformer with uniform spatial resolution and accuracy over a large frequency range. The measurement technique is applied to the localization of broadband noise sources in a high-subsonic, heated, turbulent jet ow and shows good comparisons with prior measurements using other techniques. T HE need to reduce aircraft exhaust noise emissions has led to numerous studies aimed at understanding the underlying noise sources and applications of source localization techniques to jet noise. 1¡10 Computational aeroacoustics methods, capable of resolving ow eld details simultaneously with noise radiation, 11 are yet unable to simulate acoustics reliably at realistic ow conditions, for example, complex geometry and high Reynolds numbers. On the other hand, state-of-the-art experimental techniques (also typically limited to low Reynolds numbers, Mach numbers, and temperature) are limited in the spatiotemporal resolution needed to resolve the relevant ow eld details. We utilizea newly developedsourcelocalization technique to enable a more detailed exploration of jet noise generation at realistic Mach and Reynolds numbers. Accurate estimates of the spatial distribution of the sources can provide insights into the noise-generationmechanisms and their connectionwith the complex turbulent ow eld, validate computational aeroacoustic models, and guide the design of noise-reduction technologies. 10 In particular, microphone phased array processing techniques, capable of revealing the spatial distributionof noise sources, are becoming more widely used. The principal idea for such techniques is to sum the measurementscoherently at different microphones to enhance the signal emanating from a focal position while minimizing the contribution from out-of-focus locations. 12 Phased array design involves two steps: The rst step is the choice of geometric locations for the microphones, and the second step, which is the focus of this paper, is to specify a rule, referred to as beamforming, for appropriate summation of the microphone measurements to reconstruct the spatial distribution of noise sources.
For the simplest delay-and-sumbeamformer, the outputs of timedelayed sensor measurements are summed, with the delays as a functionof focus position and sensor location,to estimate the source distribution. 12 When a source is at the focus position,the signals add coherently to produce an enhanced signal, whereas for out-of-focus positions, the signals add incoherently. The performance of this simple beamformer can be improved by weighting or shading the microphone signals before summation.
Although such conventional beamforming techniques work well in locating a multiple set of isolated point sources, they can perform poorly when reconstructing continuously distributed noise sources such as jet noise. Indeed, for applications such as airframe noise, 13¡15 aircraft yover noise, 16¡18 and vehicle passby noise, 19;20 where conventionaltechniques have successfullyyielded important information about the dominant acoustic sources, either a single source was found to dominate at a particular frequency or several sources dominated but were well separated in space. Phased array measurements of jet noise have also been conducted 9 where the problem is to estimate a continuous source distribution rather than simply locating dominant sources. This is a signi cantly more challenging beamforming problem, where contributions from outof-focus sources can lead to unacceptable estimation errors. This dif culty has been largely overlooked in the literature, and this paper presents a new beamformingapproachfor estimating distributed noisesources.The main idea is to recoverthe averagesourcestrength over a small region around each focus position as opposedto seeking the exact source strength at each spatial location as in conventional approaches. This overcomes the drawbacks of conventional methods of estimating continuous distributions and yields a beamformer with uniform spatial resolution and accuracy over a large frequency range.
The organization of the paper is as follows. First, the main problems encountered in beamforming a distribution of sources are outlined. Next, a beamforming algorithm that overcomes these problems is presented. The tradeoff between spatial resolution and accuracy of the estimate is described. Experiments to validate the processing algorithm are then discussed, where the performance of the technique developed here is compared to that from the minimum variance beamformer. Finally, some results from the application of the new array processing approach to jet noise source localization using measurements from a linear phased array are presented and compared with prior studies.
II. Phased Array Processing
In this section, we outline a new scheme for phased array processing of distributed sources. We will present the setup, outline the shortcomings of current approaches, and nally illustrate the new approach. The main ideas in the new formulation are 1) de nition of spatial resolution as a localized spatial average of the source distribution (as opposed to the traditional de nition of spatial resolvability of two discrete sources) and 2) ability to tune spatial resolution for achieving desired accuracy.
A. Problem Setup
The setup consists of sound incident on an n-microphone array from a broadband, radially compact, axially noncompact, axisymmetric distributionof monopolesalong the jet centerlineof lengthÄ. The instantaneous source strength s.t ; x/ radiated from a source at location x at time t is assumed to be a stationaryrandom eld. Based on a spherical wave propagation model at ambient sonic speed c, we can relate the j th instantaneousmicrophone measurement y j .t / to the source strength s.t; x/:
where r j .x/ is the propagation distance from the source at x to the j th microphone. We collect all of the measurements at each time instant into a matrix Y. 
with H ¤ as its conjugate transpose. When the source is assumed to be axially uncorrelated, Eq. (2) simpli es to
where 8 s is the source strength per unit length along the jet centerline. The objective is to reconstruct the source distribution 8 s from the measured CSD 8 Y .
8 Y has n rows and n columns, whereas the source distribution is a function of a continuous variable x. Therefore, the problem involves solving a linear system of a nite number of equations with in nitely many unknowns, leading to an ill-posed nature. Such illposed problems have been studied in the general area of inverse problems. 21 An exact reconstruction of the power spectral density (PSD) of the source distribution is impossible, and in general, one seeks approximate solutions. Conventionalphased array processing in aeroacoustics has used well-known radar/sonar signal processing techniques. These techniques have been developed for isolation and detection of a nite number of point sources, and it is our contention that such techniquesare inadequatefor the distributedsource estimation problem. In the next section, we brie y describe array geometry issues and subsequentlydevelop a beamforming approach for distributed source estimation.
B. Array Geometry
The simplest array geometry consists of uniformly spaced microphones arranged in a straight line parallel to the array axis. It is well known that the maximum frequency resolvable by a uniform array without spatial aliasing is limited by the spacing between the microphones. On the other hand, spatial resolution is proportional to the ratio of the wavelength to the aperture of the array. Good spatial resolution at both low and high frequencies implies that a large aperture is required with small spacing, resulting in a prohibitively large number of microphones. Sparse arrays, with nonuniform microphone spacing, help to overcome this dif culty by exploiting the fact that higher frequencies require a relatively smaller aperture to achieve the same spatial resolution. The comparison of nonuniform arrays to uniform arrays has been extensively studied in the literature. 22 Random microphone spacings are a commonly used form of nonuniform arrays. Another arrangement is the orthogonal restricted difference basis (ORDB) 22 array, used in the present study. This geometry consists of two nested uniform arrays, one with small interelement spacing and the other with coarse spacing. Although this may appear to offer little improvementover a uniform array, it in fact produces a diverse set of phase relationships when consideringmicrophone pairings between the ne array and a given microphone from the coarse array. An illustration of the advantages of ORDB arrays is provided in Fig. 1 , which is a comparison of the ORDB array performance to an array having a random distribution of microphone spacings. Minimum variance beamforming, a technique described in the following section, was used to compute the array response for both array geometries. The ORDB array achieves excellent beamwidth (spatial resolution) and sidelobe (rejection of off-axis directions) characteristics for both low and high frequencies. The simulations justify our use of ORDB arrays for broadband point source estimation. Nevertheless, array design is only one aspect of the problem, and once the microphone locations are chosen, there remains the beamforming problem, where a stable, accurate processingalgorithm is sought. In the following, we brie y survey these techniques and discuss their drawbacks for distributed source localization.
C. Conventional Approaches
In the delay and sum technique, microphone measurements y j .t / are sequentially delayed and summed to form an estimate of the source strength. For processing in the frequency domain, the source region on the right-hand side of Eq. (4) is rst discretized into a nite collection of lumped sources and then inverted:
where G. f; x/ is the nondimensional steering matrix
and r 0 is a reference distance. Equation (6) is a simple but stable beamforming algorithm, which has been used successfully in a number of applicationswhere a single source was dominant 14;15 and even for moving sources. 16;17;20 One drawback of Eq. (6) is the lack of independentcontrol over the beamformer's spatial resolutionand sidelobe levels. Another drawback is that the only way to improve the array performance is to add microphones.
Weighting, or shading, can improve the array performance. The weights for all of the microphones are collected in a vector w. f; x/, and the estimate for the source strength at location x and 
In minimum variance beamforming, the objective is to minimize the total energy while passing signals unattenuatedfrom the desired focal point. The resulting weights are given by
f / is singular, so that some form of stabilization technique is required. Minimum variance beamforming has been used by several researchers. 9 Others have applied different weighting schemes. 23 The minimum variance approach effectively estimates point sources over a broad range of frequencies. This is seen from numerical simulations such as that in Fig. 2 , where a broadband point source of unit magnitude at a location 1.63 m away from and 0.5 m along the array axis is accurately located and estimated at both low and high frequencies. For a single point source, when the focal position coincides with the source location, there are no other sources to corrupt the estimated source strength. However, when the focus position is not the same as the source location, erroneous reconstructed source strength, or sidelobe level, is caused by the processing scheme's inability to completely null the source.
Such point source estimation is not suf cient for distributed sources. This is shown in Fig. 3 through numerical simulations for a 2-and 15-kHz uniformly distributed source at a distance of 1.63 m from the array. The source has a uniform strength over a length of 0.5 m along the array axis. Evidently, the minimum variance technique exhibits signi cant errors at 15 kHz.
The reason for the inaccuracy is the following. Unlike a single point source, the focus position can never completely coincide with the source location. This implies that there will always be nonzero contributions to the source strength estimate at a particular focal point due to contributionsfrom sources at other locations.Although the same situationoccurs in the context of a nite number of discrete sources, it turns out that as long as the number of sources is smaller than the number of microphones it is always possible to null their contributions. 22 Therefore, this problem of inaccurate estimates is speci c to distributed sources. The problem of spurious sources as in Fig. 3 occurs because the sidelobe level is no longer a meaningful measure of the error. Rather, the integral of the aggregate source strength weighted by the sidelobe levels determines the error.
The minimum variance technique has dif culty estimating distributed sources because of two fundamental limitations. First, it fails to account for the fact that the array is unable to discriminate among sources in the neighborhoodof the focus position.This is aggravatedby the fact that sources within a small region are likely to be correlated. Thus, at the very least, the contribution from sources in the neighborhoodof the focus position cannot be nulled. Therefore, the most that one can hope for is to nd the average source strength in the neighborhood of the focus position. The second limitation of the minimum variance approach is that attempts to suppress all of the sources uniformly invariably leads to increased sidelobe levels. The large sidelobes shown in Fig. 3 at 15 kHz are a result of these limitations. In the next section, we describe a new beamforming approach that overcomes these shortcomings. A preview of the results has been illustrated in Figs. 2 and 3 . It is seen that the new approach provides signi cantly better estimates for point as well as distributed sources for a broad range of frequencies.
D. New Beamformer: Localized Spatial Average
The new approach overcomes the dif culty with distributed sources by relaxing the objective of estimating the PSD 8 s . f; x/ in a pointwise fashion. Instead our objective is to estimate the average sound power radiated from a source interval ±:
The resulting PSD is a local average over a nite region of space, which is more appropriate for distributed sources. Furthermore, unlike minimum variance beamforming, the explicit inclusion of ± in the beamforming equations enables independent control over the spatial resolution and sidelobe levels. We now describe how this relaxed objective of estimating the spatially averaged PSD overcomes the problems discussed in the preceding section. The localization or resolution parameter ± overcomes the fundamental limitation of the array to discriminate sources within a small neighborhood by incorporating the entire neighborhood of each location as part of the estimation objective. Moreover, larger ± implies smaller source regions outside the focal region. This implies that the beamformer will need to suppress less of the undesirablesignals.Thus, there is a tradeoff between accuracy and resolution explicitly built into the objective.
With these comments we can state the objective precisely: Determine the smallest resolution ± that still guarantees a desired level of accuracy. We now formalize this objective as a beamforming optimization problem.
The problem is to compute the beamformer weights that satisfy the localizationand accuracy objectives. Once beamformer weights are obtained, the spatially averaged PSD is computed as in Eq. (7) except for a scaling by ±. Therefore, we are left with the problem of obtaining the beamformer weights. To capture the localizationor resolution objective at a location x 0 , we seek weights that satisfy
Note that the weights W . f; x/ have the dimension of length. To minimize contributionsfrom sourcesoutside the focal region around the location x 0 , the weights are chosen such that the beamformed energy from the desired focal region is signi cantly larger than that received from outside the focal region. This can be accomplished by choosing beamformer weights that satisfy the following:
The left-hand side of the equation is the beamformed energy contribution from outside the focal region, whereas the right-hand side is a scaling (with scaling parameter ½) of the energy contribution from within the desired focal region. Thus, the ratio of outside energy contribution to the actual is measured by the parameter ½. If a beamformer satisfying Eqs. (10) and (11) exists, it follows that a locally averaged PSD is given by
and the beamformer achieves the following accuracy:
where w ± is the Dirac delta function. The proof of this claim follows from rewriting the beamformed estimate and is provided in the Appendix. Equation (13) illustrates that the smaller the accuracy parameter ½ and the larger the localization parameter ± are the higher the accuracy of the estimated source strength. Note that the expression in Eq. (12) does not appear to be similar to Eq. (7). This difference can be mathematically explained by suitably rede ning the beamformer weights w. f; x/ in Eq. (7) by absorbing the scaling factor n and the steering matrix G ¤ . More important, the size of the source region as the scaling factor in the PSD estimate makes explicit the objective of estimating the average PSD for a continuous distribution.
The optimizationproblem is to nd a set of beamformingweights that result in the smallest localization for a satisfactory accuracy. Numerical simulations for the new beamforming technique have been compared with minimum variance beamforming at both low (2-kHz) and high (15-kHz) frequencies for point as well as distributed sources in Figs. 2 and 3 . It is seen that the new technique exhibitssigni cant improvementsin both accuracy and localization. Minimum variance beamforming performs particularly poorly for high-frequencydistributedsources.The improvementswith the new beamformer are discussed next.
Tradeoffs
The two parameters ± and ½ can be tuned to obtain satisfactory localization with guaranteed levels of accuracy. Larger ± implies larger focal regions, which in turns means a smaller source region whose radiation needs to be suppressedin the PSD estimate. Generally, this leads to higher accuracy. Simulations (noise free) using the D jet resolution,the sidelobe rejection is 7 dB, whereas for 3D jet the accuracy improves to ¡21 dB.
Recursive Improvement in Accuracy
We have presented error bounds for the beamformer in Eq. (13) . The beamformed estimate can be improved upon by using the PSD estimates found from solving Eq. (12) . To do this, we solve a modi ed beamforming problem. To see this, let
We know from Eq. (13) that this estimate closely approximates the spatially averaged PSD. One can make use of this information to improve the accuracy by modifying Eq. (11) as follows:
This modi cation improves the accuracy of the beamformed estimates and can be performed recursively. The improvement occurs because smaller values of ½ will still satisfy the inequality. When there is a strong source at x 0 , the right-hand side of Eq. (15) is increased.When thisis not the case,weights can be chosento minimize the left-hand side of Eq. (15) more easily. The algorithm is demonstrated in Fig. 5 for a 25-kHz point source located at x=D jet D 14. Figure 5 was obtainednot from a simulation but from actual data acquired in an anechoicfacility and processed with the new algorithm, where the beamformer output was converted to a source strength in decibels,
with r 0 D 1m. When a uniform distribution is assumed, the rst pass through the algorithm locates the source with a fairly broad beamwidth and a sidelobe of ¡12 dB. Successive recursions reduce the beamwidth and increase the sidelobe rejection to ¡23 dB. The process converges after two or three recursions. By picking ± such that ½ ¿ 1, we ensure that the PSD has high accuracy for the chosen spatial resolution.
Uniform Localization Across Frequency and Space
One of the main advantages of the algorithm is that one can obtain spectral density estimates across frequency and space with similar accuracy and resolution. This can be accomplished by picking a common resolution parameter ± and a satisfactory accuracy parameter ½. The new beamforming algorithm achieves a nearly uniform sidelobe rejection with a xed beamwidth (demonstrated in the following section). With conventional beamforming, as frequency increases the beamwidth decreases, implying that spatial resolution improves at higher frequencies. However, this is followed by a signi cant degradation in accuracy, resulting in poor performance of conventional techniques for high-frequency distributed sources. These aspects will be further addressed in a later section.
We nally make a brief comment on the tractability of the new beamforming problem. The problem presented in Eqs. (10) and (11) belongs to the general class of problems consisting of a quadratic cost function with quadratic constraints. For a single quadratic constraint, the problem can be readily solved with convex optimization techniques. Each data channel was bandpass ltered between 0.5 and 40 kHz and simultaneouslyacquired at 100 kHz with 16-bit resolution. The source distributions were produced using 2.5 s of data, which were suf cient because the distributions statistically converged to better than 0.5 dB at all frequencies after 2.0 s of data. The amplitude response of the data acquisitionsystem was calibratedby piston phone at 1 kHz. Because typical pretest and posttest results differed by less than 0.2 dB, the mean of the pre-and posttest amplitude corrections were applied to the raw data. Also, the phase response of the data acquisition system was measured by injecting broadband electrical noise into the microphone preampli ers simultaneously. The maximum phase difference of any two channels at any frequency in the range 1-33 kHz was found to be less than 5 deg. Phase corrections were not applied to the raw data.
The array has been validated with a point source and a distributed broadband source. The point source was created with a 5-mm-diam air jet, whereas the distributed source was created with 16 air jets of 1.8 mm diameter evenly spaced along a 0.41-m tube. The sources were oriented so that the jet axes were perpendicularto the array, to create a point monopole source and a distributed (along array axis) source.The point and distributedair jet sources producedbroadband noise in the range 1-35 kHz.
The point source was used to measure the beamwidth and sidelobe performance of the array. Figure 7 shows the experimentally determined beamwidth (BW) and sidelobe (SL) using the new technique on a 36-element linear array compared with (noise-free) simulations of a 63-element multiarm spiral array using conventional beamforming. 27 With conventional beamforming, as seen from Fig. 7 , the beamwidth decreases with frequency, implying improved spatial resolution. However, there is a degradation in accuracy, indicated by the SL rejection. The SL rejection for the 63 element multiarm array using conventional beamforming is only 7.5 dB at frequencies greater than 13 kHz.
Note that the source extent, the spatial resolution, and the SL rejection level all contributeto the estimation error. As a generalrule, it is impossible to enhance signi cantly the signal contributions from a particularfocal point without also enhancingthe contributionfrom the out-of-focus locations. Recall that we de ne spatial resolution in terms of localized spatial averages of the source distribution. Thus, an estimate with a spatial resolution of 5 deg at a particular location refers to average intensity in a spatial neighborhoodwithin §2:5 deg of the focal point. Such a de nition of the spatial resolution helps to formulate the constrainedoptimization problem where one can demand the best spatial resolution for a guaranteed level of accuracy. In particular, as evident in Fig. 7 , the new beamforming algorithm achieves a nearly uniform 20 dB or better SL rejection with a 5-deg BW. Conventional approaches provide no such mechanism to trade spatial resolution for accuracy. In summary, the new approach addresses the distributed source localization problem by modifying the beamforming formulation and allows the tradeoff of spatial resolution and accuracy.
Measured noise source distributions obtained from the array for the distributed source at 2 and 10 kHz are shown in Fig. 8 . Phased array results are compared with measurements from a neareld sound intensity probe, obtained by using two phase-matched 6.35-mm-diam microphones with a 6-mm spacing. Although they containsome approximationerrors,soundintensitymeasurements 28 were considered accurate enough to assess the performance of beamforming algorithms on this distributed source. Figure 8 is a comparison of results from both minimum variance beamforming and those using the new beamforming algorithm. Although both processing techniques located the peak location correctly, the new beamforming result also has signi cantly reduced SLs, leading to a more accurate estimate of the source amplitude away from the peak location, and spurious sources of much lower amplitude (¡20 dB or less). Note that the good agreement shown in Fig. 8 between the new beamforming algorithm and the sound intensity measurements is not a fortuitous result of the array beamwidth, as can be veri ed by comparison with the smaller beamwidth results shown in Figs. 5 and 7.
III. Jet Noise Source Localization Measurements
The validated technique was applied to the problem of locating noise sources in a high-subsonic,single-streamjet ow issuing into a still ambient inside an anechoic chamber. The noise sources are assumed to be radially compact, but axially noncompact, producing an equivalent noise source distribution on the jet centerline. Flow refraction effects due to gradients within the primary jet (given that no ambient ow was present) were ignored for the array processing because they are expected to introduce relatively small errors in the source location estimate. For the jet noise source measurements reported here, accounting for the spectral averaging errors and those from the array processing, the source amplitudes measured are considered to be accurate to within §1 dB. The source peak locations (for any given frequency band) are measured reliably to within 1.5D jet . Parametric studies were performed with the array processing algorithm using a range of spatial resolutions(0.5-2D j / to help converge to a reliable spatial resolution. That is, the spatial resolutionparameter was changed until no signi cant change in the source distributions or amplitudes were noted.
The jet was operated over a range of Mach numbers (0:5 < M jet < 0:9/ and temperatures (28 < T jet < 538 ± C) to simulate realistic mixed exhaust conditions typically encountered in commercial jet engines. The jet Reynolds numbers (based on D jet and U jet / were in the range 4 £ 10 5 -1:5 £ 10 6 , with initially turbulent boundary layers. For this study, a 0.083-m-diam round static jet was operated in the ART. The mean ow and temperature elds, the far-eld acoustics,and turbulencecharacteristicsassociatedwith the jet have been studied. 10 ;26 A more detailed analysis of the noise source dis- tributions and their connection with the jet turbulence is reported elsewhere.
10 Figure 9 shows sample jet noise source distributions measured for M jet D 0:9 and T jet D 538 ± C. The high spatial resolution and SL rejection levels provided by the array processing scheme employed here represents a signi cant improvement over prior source localization methods applied to high-speedjets. At all Strouhal numbers Sr the source distributionshave signi cant spatial extent in the axial direction, although they become more compact and move closer to the nozzle exit at higher Strouhal numbers. The vertical lines associated with each distribution shown in Fig. 9 mark the streamwise centroid positions, to be discussed next. Figure 10 displays the nondimensional centroid positions of the jet noise source distribution,for differentStrouhal numbers and several jet Mach numbers and temperatures.The straight line shown in Fig. 10 is a visual aid to facilitate comparison with published data, shown in Fig. 11 . Figure 11 includesdata from other source localization techniques applied to unheated round jets: acoustic mirrors 1;2 .M jet D 1), polar correlation 6 .M jet D 0:86), and two-microphone phase minima 8 .M jet D 0:89). In all cases, low-frequency source peaks are located downstream, past the end of the jet potential core (for x=D jet > 6), and higher frequency sources are located closer to the jet nozzle exit plane (x=D jet D 0:0). No trend in the source centroid locations is apparentwith jet temperature or Mach number. Note, however, differences in the presently measured noise source distributions were observed between the cold and hot jets and are described elsewhere. 10 The new beamforming algorithm presented here offers an alternative approach for accurate jet noise source distribution measurements, avoiding cumbersome repositioning of sensors.
IV. Conclusions
A new beamforming algorithm has been developed that is based on minimizing the ratio of contributions from sources away from the focal region to those from the focal region. The algorithm allows spatial resolutionto be traded with accuracy,which ensures uniform performance at different frequencies and with higher con dence amplitude estimates than conventional beamforming approaches. This provides a promising aeroacoustics measurement technique for spatially distributed sources such as those encountered in highspeed jet exhausts.
With conventional beamforming, the decrease of the bandwidth with frequency implies improved spatial resolution but a degradation in accuracy due to higher sidelobes. Thus, it is apparently impossible to enhance signal contributions from a focal point without also enhancing the contribution from out-of-focus locations. In this study, this apparent con ict was resolved by rede ning spatial resolution in terms of localized spatial averages of the source distribution. With such a de nition, a constrained optimization problem was formulated where the best spatial resolution for a guaranteed level of accuracy can be achieved, permitting a tradeoff between spatial resolution and accuracy. The new algorithm is suited to applicationsrequiringa large dynamic range, high resolution,and high con dence over a broad range of frequencies.
A 36-channel linear phased array was constructed, and the new algorithm was validated with broadband point and distributed sources. The point source experiments demonstrated that with a 5-deg bandwidth the new beamformer achieves a 20-dB sidelobe rejection over the frequency range 1-33 kHz. Also, the new algorithm demonstrated signi cant improvements over minimum variance beamforming when applied to distributed sources. Finally, the source localizationdevice was applied to explore noise sources over a broad range of frequencies in a high-subsonic, heated jet ow, demonstrating good agreement with prior measurements of noise source centroid positions. Such noise source distribution measurements provide valuable insights into the noise-generationprocesses and their connection with the turbulent jet ow eld. 
